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1t is observed that some random variables are measured with uncertainty. In this paper, we
intend to generate some properties of negative binomial distribution under imprecise
measurement. These properties include fuzzy mean, fuzzy variance, fuzzy moment and fuzzy
moment generating function. The uncertainty in the observations may not be addressed with
the classical approach to probability distribution; therefore, fuzzy set theory helps to modify
the classical approach.
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1 Introduction

Negative binomial distribution is a discrete probability distribution which is
generalization of geometric distribution. In an experiment of independent Bernoulli trials in
which each trial has constant probability of successp, 0 < p < 1, are performed until a total
of r success is obtained. This kind of experiment does occur in real-life on daily basis. Such
occurrence could be found in clinical settings, games, engineering, etc. In the application of
this technique, probability of success and failure is certain. However, there are situations
whereby the probability may be fuzzy or uncertain. For instance, the probability of success of
a particular student examination is about 0.3; meaning that such probability is uncertain but
centered around 0.3.

Definition 1. Fuzzy sets: If A denotes a fuzzy subset of universal Q, A is defined with its
membership function A, which produces values within 0 and 1 for all x in Q. Ay is a
function mapping € into [0,1]; xo belongs to A if Axo=1; meaning that the membership value
of xoin A is 1, and x; does not belong to A if Ax1=0; meaning that the membership value of
xiin A is 0. If Axy=(0,1), we say the membership value of x, is in A and thus defines fuzzy
function. Also, whenever A is equal to 1 or 0 the result is a crisp set (non-fuzzy) subset of

Q. Crisp is defined as not fuzzy or a regular set while a crisp number is a real number
(Buckley, 2006).

Definition 2. Fuzzy numbers: A triangular fuzzy number M is defined by three numbers a <
b < ¢ where the [a,c] are the base and its vertex is at x = b. For example, a triangular fuzzy
number could be described as A = (4.7,5,5.4). Similarly, a trapezoid fuzzy number M is
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described by four numbers a < b < ¢ < d such that [a,d] are the base and the top at [b,c]
(Buckley, 2006).

Definition 3. Given a fuzzy set A on a universe X, then a-cuts are:

A, ={x € X|A(x) = a},a€[0,1] (Zadeh, 1971 (1)

The a-cuts are threshold through a fuzzy set producing regular crisp (non-fuzzy) sets. That is,
by taking a as the degrees of the elements, we have different crisp subsets of X. Precisely a-
cuts of a fuzzy set produces a fuzzy subset of any given set and the results are crisp.
However, crispness simply means the exact value of a variable, while fuzzy simply means
impreciseness, uncertainty or vagueness about the value of a variable. Role of a —cuts is to
decompose a fuzzy set into a weighted combination of classical sets using the resolution
identity. This principle is important in fuzzy set theory because it establishes a bridge
between fuzzy sets and crisp sets. Suppose 4 is a fuzzy number, then the A¢= all the real
number in that set and it is called the base or support.

In a real life situation, vagueness and uncertainty do occur as a result of human error
usually due to judgmental decision based on qualitative measures, such as ‘the distance is
far’, but if one would have asked ‘how far is the distance?’ different people will have
different responses as in: ‘the distance is very far’, ‘not too far’, ‘too far’, ‘not too very far’.
All these responses are based on qualitative measurement which might not be presented with
exact value. Zadeh (1965) and (1975) proposed the idea of the fuzzy sets theory and the type-
1 fuzzy sets, with a degree of membership called crisp membership value, whose values are
over the range, 0 to 1. He also proposed the Type-2 fuzzy sets, which is an extension of the
type-1 fuzzy sets, the type-2 fuzzy set is three dimensional, that is, it comprises of two
membership functions; the upper membership function and lower membership function and
the representative value (Zadeh, 1975). On fuzzy binomial distribution, Buckley (2006)
intensively studied the fuzzy binomial distribution and its applications. Likewise, Buckley
(2006) exclusively explored Fuzzy Poisson Distribution, its properties and application.
Kareema and Abdul (2012) studied the properties of fuzzy geometric distribution and the
results reveal some properties of the fuzzy geometric distribution.

Considerate number of authors which include but not limited to Wang, et al. (2019),
Adepoju (2018), Kahraman and Kabak (2016), Poongodi and Muthulakshmi (2015), Sheldon
(2010) and Mendel, et al. (2006) have made various contributions to the extensional
development in fuzzy studies. However, this paper aimed at addressing the challenges of
fuzziness in the estimate of some of the parameters of negative binomial distribution. Such
parameters include fuzzy mean, fuzzy variance, fuzzy moment and the fuzzy moment
generating function.

2 Methodology

2.1 Fuzzy negative binomial distribution

In a classical experiment, the probability p of occurrence of an event if known from
previous experiment is expressed with certainty about the parameter of the random
experiment. Assuming, the probability of an event is expressed with some degree of
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uncertainty, and the estimate is needed or collected from opinion of professionals. Therefore,
the probability values tend to be fuzzy or imprecise. Letp and § be the fuzzy probability of
success and failure, respectively. Then;

PED

q€q

ptq=1

p + g may not necessarily be equal to one,

where p and q are the classical probability of success and failure, while p and Gare the fuzzy
probability of success and failure. For instance, if the probability of success in a trial is 0.3,
then p = 0.3, that probability is certain and without ambiguity, but if the probability is
described with uncertainty or fuzziness, say, the probability of a success is about 0.3. This
implies that the probability is not far from 0.3. It denotes that it is a bit less or a bit greater
than 0.3. Therefore, p is a subset of .

In a given experiment that follows a negative binomial distribution, let p(x) be the
fuzzy probability of success from an independent trials. Then the a-cuts are slices through a
fuzzy set resulting in crisp sets (non-fuzzy). Therefore, the a-cuts fuzzy negative binomial
probability will be:

p(x)[a] = [(jf B })prqx‘r/S] x=rr+1 (2.1)

foro < (¥~ })prqx-r <1

where S = p € plal,q € Glal,p+q =1

-1

butp(x) # | ( 1) 5G/S| (2.2)

x
r—
If ﬁ(x) [O(] = Pn1 (O(): Pn2 (O()
then;

pus @ = min [(* " D)prar /8|, pra =max [T rars|. @3

where p,; and p,, are the probabilities of occurrence of event at the lower value and upper
value, respectively. While p,;(a) and p,,(a) are the decompositions or slices of the
probabilities of occurrence of the event both at the lower (minimum) value and upper
(maximum) value.

2.2 Fuzzy mean and variance of negative binomial distribution

From the classical negative binomial distribution, the mean and variance are
expressed as:
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We can now obtain the fuzzy mean and fuzzy variance from the classical property thus:

wlel = {zpx (¥~ D)prarrys ) = £/s) 2.4)

(2.5)

=t
Il
™l

The fuzzy variance

lal = {EG2) - (EW)/8) = {Zherx? (57 Dorar = (Seeax (7 Dwra™)

r r
5} ={%/s} (2.6)
G2 = Z_z (2.7)
Moments

Let X be a random variable. Let £ be a positive integer and ¢ be a constant. Then the moment
of order k or K moment of X about the origin is denoted by:

up = E(x%) = X xk F(x)). (2.8)
The fuzzy moment of negative binomial is defined as:

k _ k(X — 1 -
EGM)al = iy x* (X7 1) a* /s, 2:9)

Moment generating function

If M, (t, p) is the fuzzy moment generating function of a negative binomial random variable,
then its a-cuts are determined as:

Mo (6Pl = Be)al = X2 e (Y~ 1)prq*7/s 2.10)

M (e Pla] = Eeal = p ) 7 ey (¥ ])av/s

oo

= (pet)" Z (jf : 1) qet>=m/s

X=T

= (pe")"(1 —qe")7"/s. (2.11)
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M, (t, p)[a] = [f:;t]r /S. (2.12)
M, (t,P) = [fqtt] . 2.13)

As usual, the fuzzy moment generating function would be used to determine the first
moment and second moment so as to obtain the mean and variance of x. Hence, we will
calculate the first two derivatives of M, (t, p)[a] in (2.12)and set t = 0, herein the mean and
variance of the fuzzy negative binomial distribution can be obtained thus:

M (e, P)la] = [1 feqet] /s

dM,(t,p) . pet r-1 (1—qet)pet+petqet
dt [a] =T (1—qet) (1—qet)? /S
_ (et
=T (1-qet)r+1 /S (2.14)
dM,(0,%) r
e A el =_/S
e al =
- r
H==
p
Also, the second derivative:
d? M, (t,p) _ (1—qet)r(pet)r_lpet—(pet)r(r+1) (1—qet)r(—qet) _ (pet)r(r+qet)
dt2 [a] - {T[ (—qet)2r+2 ]/S} - {T (1—qet)r+2 S} (215)
d?M, (0,5 2
LHOD [q] = {% /s} (2.16)
~2 d?M,.(0,p) _ dM,(0,p) 2 _ r24rq _r 2
52 = OB (o] - | =EOD] (o] = [ /5] - [£/s] (2.17)
Therefore, the variance is:
=1 (2.13)

Parameters with such as fi, 62, P, and § are the fuzzy mean, fuzzy variance, fuzzy probability
of success and fuzzy probability of failure respectively. The relationship between them is that
p is a subset of p. Mapple 18 software was used to estimates the values of the probability
problem illustrated in this work.



Journal of the Nigerian Statistical Association, Vol. 31, 2019 Adepoju et al.

3. Illustration

If the probability is about 0.4 that a child exposed to a certain contagious disease will
catch it, what is the probability that tenth child exposed to the disease will be third to catch it?
This is a typical fuzzy negative binomial problem. Here, the probability of success is not
certain. The only guidance about the probability of success is that it centers on 0.4, therefore,
it could be 0.3, 0.4 and/or 0.5. Thus:

p=0.3,0.4,0.5and § = 0.5,0.6,0.7 and r = 3.

Ifp € pla]

then,q = 1—p € §la]

Pn1la] = min(36p°q”/5)

Pnz[a] = max(36p°q”/5)

p(3)[al = [36p; (a)q],36p3(a)q;],

where pla] = [p,(a),p,(a)] =[0.3 + 0.1, 0.5 — 0.1«].

Table 1: Alpha-cuts of the fuzzy probability

a p1(a) p2(a)

0 0.080048380 0.035156250
0.1 0.079860352 0.038008609
0.2 0.079307603 0.040930742
0.3 0.078409365 0.043906332
04 0.077187469 0.046917225
0.5 0.075665887 0.049943488
0.6 0.073870293 0.052963505
0.7 0.071827627 0.055954093
0.8 0.069565693 0.058890647
0.9 0.067112770 0.061747326

1 0.064497254 0.064497254

Table 1 reveals the probabilities for different values of a-cut ranging from 0 to 1. It contains
all the possible probabilities in this experiment. The pi(a) and p2(a) are “probabilities values
of the assumed values of 0.3 and 0.5 that centered around the given probability of success 0.4
at different o levels. At a=1, pi(a) and p2(a) concise at 0.064497254 and this is the exact
probability that tenth child exposed to the disease will be third to catch it, knowing that
probability that a child exposes to such contagious diseases will catch it is 0.4. This can be
confirmed by the classical method too. However, at other a levels pi(a) and p2(a) give
different probability.

Figure 1 is the graphical presentation of the result obtained in the table. This indicates
a typical triangular fuzzy membership function.
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Figure 1. Triangular fuzzy membership function

4 Conclusion

The research shows that while dealing with uncertainty about the parameter of
negative binomial distribution, fuzzy logic could be employed to obtain the fuzzy number
over the parameter domain due to its flexibility in dealing with uncertainty. With this
approach, other estimates, such as mean, variance, moment and moment generating function
were obtained.
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